Complementary colors of colorons: the elementary excitations of 
the SU(3) Haldane— Shastry model 

Dirk Schuricht and Martin Greiter 
Institut fur Theorie der Kondensierten Materie, 
Universitdt Karlsruhe, Postfach 6980, 76128 Karlsruhe, Germany 

Abstract 

We propose two possible trial wave functions for the elementary excitations of the SU(3) Haldane- 
Shastry model, but then argue on very general grounds that only one or the other can be a valid 
excitation. We then prove explicitly that the trial wave function describing a coloron excitation 
which transforms according to representation 3 under SU(3) rotations if the spins of the original 
model transform according to representation 3, is exact. If a basis for the spins on the chain is 
spanned by the colors blue, red, and green, a basis for the coloron excitations is hence given by 
the complementary colors yellow, cyan, and magenta. We derive the dispersion and show that 
colorons exist only in one third of the Brillouin zone. We further obtain the exclusion statistics 
among polarized colorons and discuss the generalization to SU(n). 

PACS numbers: 75.10.Pq, 02.30.1k, 75.10.Jm 
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In recent years, there has been a substantial interest in models in condensed matter 
physics with symmetry groups larger than SU(2), the group underlying the usual spin al- 
gebra. In particular, models with SU(4) symmetry have been subject to detailed investiga- 
tions [1-6], as such models can be realized experimentally in transition- metal oxides [7-9] 
where the electron spin is coupled to orbital degrees of freedom. Honerkamp and Hofstet- 
ter [10] have investigated the SU(n) generalization of the Hubbard model, proposing possible 
experimental realizations in ultracold fermion systems [11, 12]. 

In this Letter, we will investigate yet another model in this general class, the SU(3) 
Haldane-Shastry model (HSM) [13-20], which serves as a paradigm for not only the SU(3) 
spin chain, but, as we shall see, also illustrates some very general properties of SU(n) chains. 
In particular, we derive the quantum numbers of the elementary, fractionally quantized ex- 
citations, the analogs of the spinon excitations in SU(2), which we call colorons for SU(3). 
One of the key results is that these excitations transform under the SU(3) representation 
conjugate to the representation of the original SU(3) spins localized at the sites of the chain 
(see Fig. 1). First, this result reveals a new feature of fractional quantization, namely the 
occurence of the conjugate representation or complementary colors. This feature is meaning- 
less in the case of SU(2) spin chains or the fractional quantum Hall effect, but significant in 
all other instances of fractional quantization in SU(n) chains and possible higher dimensional 
liquids, regardless of model specifics. Second, as a consequence of their complementary col- 
ors the coloron excitations exist only in one third of the Brillouin zone (BZ). This is reflected 
in the dynamical structure factor (DSF) calculated exactly by Yamamoto et al. [21, 22]. We 
hence provide an explicit interpretation of the DSF in terms of wave functions, which can be 
used as starting point for the investigation of other SU(3) spin chains as well. In our anal- 
ysis, however, we will focus exclusively on the SU(3) HSM, as this is the simplest model in 
which this general result can be illustrated through exact solution, and thereby demonstrate 
the amenability of the SU(3) HSM to exact solution in terms of explicit wave functions. 

The SU(3) 1/r 2 or Haldane-Shastry model [17, 19] is most conveniently formulated by 
embedding the one-dimensional chain with periodic boundary conditions into the complex 
plane by mapping it onto the unit circle with the SU(3) spins located at complex positions 
i] a = exp(i^o;), where N denotes the number of sites and a — 1, ... ,N. The Hamiltonian 
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is given by 

where J a — \ J2 aT c^A^c^ is the 8-dimensional SU(3) spin vector, A a vector consisting 
of the 8 Gell-Mann matrices [23], and a and r are SU(3) spin or color indices, which take the 
values blue (b), red (r), or green (g) (see Fig. 1). For all practical purposes, it is convenient 
to express i?su(3) directly in terms of colorflip operators e a J = cJ t(T c Q , T : 

0^2 N pVT p T(J 1_ 

N „ \Va — V0\ 

where the color sum includes terms with a = r. The ground state of i?su(3) fc> r N = 3M 
(M integer) is most easily formulated by Gutzwiller projection of a filled band (or Slater 
determinant (SD) state) containing a total of iV SU(3) particles obeying Fermi statistics 
(see Fig. 2a) 

l*0> =^II 4bi4l°) = P G |*£>>- (3) 

The Gutzwiller projector Pq eliminates configurations with more than one particle on any 
site, and, as the total number of particles equals the total number of sites, thereby effectively 
enforces single occupancy on all sites. As |^sb) is an SU(3) singlet by construction and 
Pg commutes with SU(3) rotations, |^ ) is & n SU(3) singlet as well. The model is fully 
integrable even for a finite number of sites; the algebra of the (infinite) number of conserved 
quantities is generated by the SU(3) total spin and rapidity operators 

N l^i 

J = $>, A a 4£^f^ (4) 

which commute with the Hamiltonian but do not commute mutually (a = 1, . . . , 8 and f abc 
are the structure constants of SU(3) defined through [A a , A b ] = 2f abc \ c ). 

If one interprets the state |0 g ) = Yla=i Ca s I ) as a reference state and the colorflip 
operators e bg and e rg as "particle creation operators" , the ground state (3) can be rewritten 
as [18, 19] 

|*o> = £ ttofe; Wk] e h z f . • • e* e™ . . . e^ M |0 g ), (5) 

{Zi,Wk} 

where the sum extends over all possible ways to distribute the positions of the blue particles 
Zi, . . . , zm and red particles w 1 , . . . , % over the N sites. The ground state wave function 
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FIG. 1: Weight diagrams of the SU(3) representations 3 and 3. J 3 and J 8 denote the diagonal 
generators [23]. 

is given by (see Fig. 2b) 

Mi M 2 Mi M 2 Mi M 2 

*o[Zi; Wfc] = - %) 2 IJ(Wfc - Wif J [ J|(2j - Wfc) JJ Zj (6) 
i<j k<l i=l fc=l i=l fe=l 

with Mi = M2 = M. The ground state energy is 

The total momentum, as defined through e tp = ^o[r]iZi, r)iWk\/^fo[zi, Wk] with 771 = exp(^), 
is p = regardless of M (not true for SU(2)). 

We now turn to the heart of our analysis, the elementary and fractionally quantized 
excitations, which we call colorons. In principle, there are two possible, non-equivalent 
constructions for localized excitations starting from (3). We may either create a particle 
with color a on a chain with N = 3M + 1 sites before Gutzwiller projection, 

|«^> = Po4|*fe- 1 >, (8) 
or annihilate a particle with color a on a chain with N = 3M — 1: 

= Pe^MJ 1 )- (9) 




FIG. 2: a) Total antisymmetric iV-particle state, b) Typical configuration in \^o). 
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In both cases, c 7CT or c 7cr creates an inhomogeneity in color and charge before projection. 
The projection once again enforces one particle per site and thereby removes the charge in- 
homogeneity, while it commutes with color and thereby preserves the color inhomogeneity. 
Consequently, the trial states |^ CT ) and |^^) describe localized "excitations" of color a or 
complementary color a, respectively, at lattice site rj^. Of course, since i?su(3) is transla- 
tionally invariant, we expect neither of them, but only momentum eigenstates constructed 
from them via 

N N 

|*n> = £ e ~ l¥ln l*7> = E(^)" 1*7) , (10) 
7=1 7=1 

where n is a momentum quantum number, to be eigenstates. 

The important thing to realize now is that only (8) or (9), but not both, can describe a 
valid excitation. To see this, let us assume a = b for ease in presentation, and note that (8) 
is apart from a normalization factor equivalent to 

|^7b)=^C 7r C 7g |^ D +2 >, (11) 

i.e., creation of a blue particle before projection is tantamount to annihilation of both a red 
and a green particle at site r] 1 . If momentum eigenstates constructed from 1^^) Yld - (10) 
were energy eigenstates, the anti-red (cyan) and anti-green (magenta) coloron excitations in 
(11) would individually seek to be momentum eigenstates, which implies that a trial wave 
function forcing them to sit on the same site would not yield an energy eigenstate. The 
same argument can be made the other way round. 

In the following, we show by explicit calculation that momentum eigenstates constructed 
from \^fys) via (10) are exact eigenstates of ifsu(3) with momentum 

4 2tt / 1 \ N - 2 

p =r-/H" + 5> 0£n£ — (12) 

(where n is shifted with respect to n in (10) by a constant depending on which momenta 
are occupied in the Slater determinant state) and energy 

E<p) = * + l£ + \($-<p-*r) (13) 

(see Fig. 3). For (N — 2)/3 < n < N, |^^) vanishes identically. The color a of the 
excitation, constructed by annihilation of a particle of color a from an overall color singlet 
J 1 !'^ 1 ), hence transforms according to the representation 3 conjugate to the fundamental 
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allowed momenta 




FIG. 3: One-coloron dispersion relation. 

representation 3 of the original particles on the sites of the chain. This is consistent with 
results on the spectrum of the SU(3)i Wess-Zumino-Witten (WZW) model obtained by 
Bouwknegt and Schoutens [24, 25]. The momenta of the coloron excitations \^ nd ) fill only 
one third of the BZ, which is fully consistent with the calculations of the DSF [21, 22]. 

For simplicity, we choose a = b = y (an anti-blue or yellow coloron) and express |^^) 
through the corresponding wave function 

Mi 

* 7 [^; w k \ = Y[(v-y - z i) *ofcil w k ] = ^7^o- (14) 



with given by (6) and M x = (N - 2)/3, M 2 = (N + l)/3. The momentum eigenstate 
|^*5) is then given by 

N 

(15) 



7=1 

which vanishes identically unless < n < Mi. To evaluate the action of i?su(3) 011 (15) we 
first replace e^f e| g in (2) by (1 — e^ b — e"){l — ej^ b — e") and treat each term separately [26]. 
For example, the term [e^e^^-y]^; w k ], which vanishes unless one of the z^s is equal to r) a , 
yields through Taylor expansion 
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where we have used deg z \& 7 [;Zj; ii^] — N — 1 and defined ft = d/dzi, A m = — ^^Z"/ ^(f/a — 
l) m - 2 . Evaluation of the latter yields A) = (N - 1)(JV - 5)/12, A l = —(N - 3)/2, A 2 = 1, 
and A m = for 2 < m < N - 1 [27]. The action of X) e^ef/\rj a - r) P \ 2 on * n is obtained 
by Fourier transformation of (16); the first six terms on the RHS can be treated in analogy 
to the SU(3) HS ground state [19] and the calculations in the SU(2) HS model [13, 27]. 
To mention another term, 
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(17) 



splits into two parts: one, which can again be treated as for the ground state, and another, 
the sum of which with the last term in (16) can be simplified using 
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which is valid for M-y < M 2 [26]. In this manner, the action of every term in (2) on (15) can 
be evaluated, yielding that (15) is indeed an eigenstate with energy (13) and momentum 
(12). 

It is straightforward to read off the quantum or exclusion statistics [28] of color-polarized 
colorons. Consider a chain with N = 3M — 1 sites and a single yellow coloron. According to 
(3), (9), and (10), there are as many single particle orbitals available to the coloron as there 
are blue particles in the Slater determinant state, that is, M. If we now were to create three 
additional yellow colorons, the Slater determinant state would have to contain three more 
particles, one of each color. This implies there would be one additional orbital, while the 
three additional colorons would occupy three orbitals, meaning that the number of orbitals 
available for our original coloron would be reduced by two. The statistical parameter is 



hence given by g = 2/3. The fractional statistics manifests itself further in the exponents 
of the algebraic decay of the form factor of the DSF [21, 22], in the thermodynamics of the 
model [29, 30], as well as the S-matrix evaluated with the asymptotic Bethe Ansatz [31]. A 
similar exclusion statistics exists in the conformal field theory spectrum of WZW models [25, 
32]. The general exclusion statistics and state counting for SU(n) (n > 3) spin chains is 
highly non-trivial and will be subject of a future publication [33]. 

The results derived here generalize directly to the SU(n) HSM [26]. The eigenstates 
describing a single fractionally quantized SU(n) spinon excitation are given by the SU(n) 
generalization of (9). If the particles on the sites of the chain transform under the funda- 
mental representation n of SU(n), the spinons transform under the conjugate representation 
n. The allowed momenta of the spinons are restricted to p G [n — ^, n + ^] (or [— ^, ^] if n 
even and (N + l)/n odd), and hence fill only the n th part of the BZ, with dispersion 

£ »^ + S + i(S- (p -4 (i8) 

where Eft is the ground state energy [18, 19]. The statistical parameter for polarized spinons 
is given by {n — l)/n. 

In conclusion, we have used the HSM to make the case that the elementary excitations 
of SU(n), but in particular SU(3), spin chains transform under the representation conjugate 
to the representation of the SU(n) spins on the chain, exist only in one n th of the Brillouin 
zone, and obey fractional statistics with g — {n — 1) / n. 
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